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• Ioannis Karatzas, and Steven Shreve (1991): Brownian Motion and Stochastic Calcu-
lus. Graduate Texts in Mathematics, Springer-Verlag, New York.
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• ÙK$Ä£ÙK$Ä��35!ÙK$Ä�'�!ÙK$Ä����n�Ä¥�±
9 Girsanov ½n¤
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4 111���ÙÙÙ������KKK

1. � X = (Xt; t ≥ 0) ´VÇ�m (Ω,F ,P) e�ÅL§"y²µXJTL§�;�´m
ëY½�ëY�§KTL§´�ÿ�"

2. ^êÆ^� (X Matlab ½ Mathematica) ?§�ýÙK$Ä���;�"

3. ©OO�ÙK$ÄÚ Poisson L§���n�k��©Ù"

4. � X = (Xt; t ≥ 0 ´VÇ�m (Ω,F ,P) eäkÕáOþ.��ÅL§"y²µé?
¿ 0 ≤ s < t < +∞, Oþ Xt −Xs � g, σ-�ê FXs Õá"

5. � X = (Xn; n ∈ N) Ú Y = (Yn; n ∈ N) ´½Â3Ó�VÇ�me�p�?��lÑ
�m�ÅL§§y² X � Y ´Ã«O�"

6. � X = (Xt; t ≥ 0) Ú Y = (Yt; t ≥ 0) ´½Â3Ó�VÇ�me�p�?��ëY�
m�ÅL§� X � Y ;��këY�§y² X � Y ´Ã«O�"

7. ����ÅCþ (X, Y ) ∼ N(µ,Σ),Ù¥ µ = (µX , µY ) ∈ R2±9 Σ =

(
σ2
X ρσXσY

ρσXσY σ2
Y

)
,

ùp σX , σY > 0 9 |ρ| ≤ 1. y²µ

(a) � U, V ∼ N(0, 1) ��pÕá, K (X, Y )
d
= (µX + ρσXU +

√
1− ρ2σXV, µY + σYU).

?�Ú, �ÅCþ Z := X − ρσX
σY
Y � Y �pÕá"

(b) E[X|Y ] = µX + ρσX
σY

(Y − µY ).

8. � W 1 = (W 1
t ; t ≥ 0) Ú W 2 = (W 2

t ; t ≥ 0) ´Ó�VÇ�meü�Õá�ÙK$Ä"
éu?¿ t ≥ 0, ½Â

Wt = ρW 1
t +

√
1− ρ2W 2

t , |ρ| < 1.

y²W = (Wt; t ≥ 0)�´��ÙK$Ä,?�ÚO�WtÚW 1
t ���� Cov(Wt,W

1
t ) =?

9. �� n-��ÅCþXÑlpd©Ù��=�é?¿� a11, a12, . . . , amn ∈ R, (
∑n

i=1 ajiXi; j =
1, . . . ,m) ´��Ñl m-�pd©Ù��ÅCþ"

10. � B = (Bt; t ≥ 0) ´��ÙK$Ä"éu µ ∈ R 9 σ > 0, ½ÂXe (µ, σ2)-ÙK$
Äµ

Bµ,σ
t = µt+ σBt, t ≥ 0.

y² (µ, σ2)-ÙK$Ä Bµ,σ = (Bµ,σ
t ; t ≥ 0) ´��pdL§"

11. � R(ω) Ú Θ(ω) �ü�Õá��ÅCþ"�ÅCþ R(ω) Ñla|©Ù§=ÙVÇ
�Ý¼ê�

pR(r) =
r

σ2
e−

r2

2σ2 1r>0.

ùp σ > 0§ �ÅCþ Θ ∼ U(0, 2π). ½Â�ÅL§µ

Xt = R cos(Θ + αt), t ∈ R,

Ù¥ α ∈ R. y² X = (Xt; t ∈ R) ´��pdL§"
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12. y²ÙK$Ä�3��?��T?����;�´ÛÜ γ ∈ (0, 1
2
)-HölderëY�"

13. � ξi, i = 1, 2, . . . ´��ÕáÓ©Ù��²��È��ÅCþ�"� N = (Nt; t ≥
0) ´��ëê� λ > 0� Poisson L§�� (ξi; i = 1, 2, . . .) �pÕá, KEÜ Poisson L
§½Â�µ

Xt =
Nt∑
i=1

ξi, t ≥ 0.

ùp·�P X0 = 0. �yEÜ Poisson L§ X = (Xt; t ≥ 0) ´Ääk²ÕáOþ5§
¿O�Ùþ�¼ê µ(t) Ú�'¼ê R(s, t)"

14. � X = (Xt; t ≥ 0) ´��ëY;���È�ÅL§"éu a, b > 0, ½ÂTL§�ò
Ñ�:

τa,b(ω) := inf{t ≥ 0; Xt(ω) /∈ (−a, b)}.

ùpP inf ∅ = +∞ � X0 ∈ (−a, b). y²µ

(a) �ÅL§ (Xt∧τa,b ; t ≥ 0) ´���È�;

(b) éu α ∈ R, ½ÂL§ Mα
t := eαXt−

1
2
α2t, t ≥ 0. �ÅL§ (Mα

t∧τa,b ; t ≥ 0) ´���

È�;

(c) XJ (a) ¤á§�y´ÄkXe4� limt→∞ E[Xt∧τa,b ] = E[Xτa,b ] ?

5 111���ÙÙÙ������KKK

1. � C = (Cn; n = 1, 2, . . .) ´���K F = (Fn; n = 0, 1, 2, . . .)-��L§. y²µ

(a) XJ X = (Xn; n = 0, 1, 2, . . .) ´�� F-�, K�C�L§ C ·X ´�� F-�;

(b) XJ X = (Xn; n = 0, 1, 2, . . .) ´�� F-þ£e¤�, K�C�L§ C · X ´�
� F-þ£e¤�.

2. � X = (Xn; n = 0, 1, 2, . . .)´Ùg,LÈ FX-�,y²µé?¿��ÿ¼ê fn : Rn →
R (n ≥ 1), k

E [(Xn+1 −Xn)fn+1(X0, X1, . . . , Xn)] = 0, n ≥ 0.

�ØÓ��ÿ¼ê fn, \¬��k'�ÅCþ� (Xn; n = 0, 1, 2, . . .) ØÓ�Ø�ª"

3. � X = (Xt; t ≥ 0) �²��ÈÕáOþL§� E[Xt] = E[X0], ∀ t ≥ 0. y²µ

(a) éu t ≥ 0, ½Â At = E[X2
t ]− E[X2

0 ], K t→ At ´üO�;

(b) (X2
t − At; t ≥ 0) � FX-�.

4. Þü�÷vþK^��L§ X ¿©O�Ñ�A�(Ø (a) Ú (b).

5. � B = (Bt; t ≥ 0) ´��IOÙK$Ä. é?¿ x ∈ R, ½Â Mt(x) = e−xBt−
1
2
x2t, t ≥ 0.

£�±e¯Kµ

(a) é?¿ k = 0, 1, 2, . . ., ´Ä ( dk

dxk
Mt(x); t ≥ 0) � FB-�º

(b) y² (W 2
t − t; t ≥ 0) Ú (W 3

t − 3tWt; t ≥ 0) � FB-�.
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6. � X = (Xn; n = 0, 1, 2, . . .) � F-e�. y²µé?¿ a < b Ú N ∈ N, k

E [DN([a, b];X)] ≤ b−

b− a
+

E[X+
N ]

b− a
.

7. � X = (Xn; n = 0, 1, . . .)´4~ σ-�ê6 F = (Fn; n = 0, 1, . . .)-��e� (backward
sub-martingale). £�Xe¯Kµ

(1) y²TL§´�� L1-k.� (= supn≥0 E[|Xn|] < +∞) ��=� limn→∞ E[Xn] >
−∞.

(2) y² Y = (X+
n ; n = 0, 1, . . .) �´4~ σ-�ê6 F = (Fn; n = 0, 1, . . .)-��e�.

(3) y² X∞ := limn→∞Xn �3�k� (P-a.s.).

8. � B = (Bt; t ≥ 0) ´LÈVÇ�m (Ω,F , (Ft; t ≥ 0),P) e���IOÙK$Ä.
� a, b > 0, ½Â�Å� τab = inf{t ≥ 0; Bt /∈ (−a, b)} (P inf ∅ = +∞). £�Xe¯K:

(1) y² τab � (Ft; t ≥ 0)-Ê�±9Ê�L§ (Bt∧τab ; t ≥ 0) ´���È�.

(2) éu θ > 0, O� E[e−θτab ] ±9 E[τab].

(3) O�VÇ P(Bτab = b).

9. � X ∈ L1(Ω,F ,P),  (Fn; n ∈ N) ⊂ F ���ü~ σ-�ê. ½Â F∞ = ∩n∈NFn. ¦
y: � n→∞ �,

(1) E[X|Fn]
a.s.→ E[X|F∞].

(2) E[X|Fn]
L1

→ E[X|F∞].

10. � τ � F = (Ft; t ≥ 0)-Ê�, K Fτ �� σ-�ê� τ � Fτ -�ÿ�.

11. � (τn; n ≥ 1) ��� F = (Ft; t ≥ 0)-�À�, Ke��Å�þ� F-�À�:

sup
n≥1

τn, inf
n≥1

τn, lim inf
n→∞

τn, lim sup
n→∞

τn.

XJ (τn; n ≥ 1) ��� F-Ê�, K supn≥1 τn � F-Ê�.

12. � τ � F = (Ft; t ≥ 0)-Ê�, X = (Xt; t ∈ I) �VÇ�m (Ω,F ,P) e�ÅL§, X
Je¡^�¥���^�¤á:

(1) I ´�ê�� X � F-·A�;

(2) I = R+ � X �ÌS�ÿ�,

K Xτ � Fτ -�ÿ�.

13. � (Xn; n = 0, 1, 2, . . .) � (Fn; n = 0, 1, 2, . . .) �Kþ�, y²é?¿� λ > 0, k

P
(

sup
n≥0

Xn ≥ λ

)
≤ λ−1E[X0].
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14. � (Xt; t ≥ 0) � (Ft; t ≥ 0) �KmëYþ�, y²é?¿� λ > 0, k

P
(

sup
t≥0

Xn ≥ λ

)
≤ λ−1E[X0].

15. � B = (Bt; t ≥ 0) ��IOÙK$Ä. ½ÂÙ���L§:

Mt := sup
s∈[0,t]

Bs, t ≥ 0.

y²: é?¿� a > 0, k

lim sup
t→∞

1

t
lnP

(
Mt

t
≥ a

)
≤ −a

2

2
.

16. � X = (Xt; t ≥ 0) ´�� F = (Ft; t ≥ 0)-mëY���=� é?¿k. F-Ê� τ ,
Xτ ´�È�� E[Xτ ] = E[X0].

17. � X = (Xt; t ≥ 0) ´�� F = (Ft; t ≥ 0)-mëY�, KÊ�L§ Xτ = (Xt∧τ ; t ≥
0) (Ù¥ τ � F-Ê�) �� F-�.

18. � M2 L«¤kmëY²��È���N±9 Mc
2 L«¤këY²��È���

N"½Â�mM2 þ���Ýþ d ¦ (M2, d) ����§¿y²Mc
2 ´M2 �����

f�m"

19. � X = (Xt; t ≥ 0) ��;�ëY� Rd-� F = (Ft; t ≥ 0)-·A�ÅL§±
9 A ⊂ Rd ��48, y²e¡´�� F-Ê�µ

τA := inf{t ≥ 0;Xt ∈ A}.
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1. � B = (Bt; t ≥ 0) ´�IOÙK$Ä§^ÙK$Ä�r Markov 5y²ÙK$Ä��
��n§=y²e¡�L§´�ÙK$Äµ

Wt :=


Bt, t ≤ τb,

2b−Bt, t > τb.

ùp τb := inf{t ≥ 0; Bt = b}, b > 0.

2. y²Xe��ªµéu t > 0 ±9 b > 0,

P(τb ≤ t) = 2P(Bt > b).

3. � B = (Bt; t ≥ 0) ´�IOÙK$Ä§½Â Mt = sups∈[0,t]Bs, t ≥ 0, �ÙK$Ä�

���L§"y²é?¿ b ≥ c Ú b > 0,

P(Mt ≥ b, Bt ≤ c) = P(Bt ≥ 2b− c).

4. ^(½�� Arzelá Ascoli ½ny²�Å�� Arzelá Ascoli ½n§=� (µn; n ≥ 1) �
�� (C(R+),B) þ�VÇÿÝ§K (µn; n ≥ 1) � (��)�;�§��=�
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(i) limλ↑+∞ supn≥1 µn({f ∈ C(R+); |f(0)| > λ}) = 0;

(ii) limδ↓0 supn≥1 µn({f ∈ C(R+); mT (f, δ) > η}) = 0, ∀ T, η > 0.

Ù¥ mT (f, δ) L« f ∈ C(R+) �ëY�"

5. éu n ∈ N, � Xn = (Xn(t); t ≥ 0) �;�ëY��ÅL§¿�÷vXe^�µ

(i) éu,� ν > 0, supn≥1 E[|Xn(0)|ν ] < +∞;

(ii) éu,� α, β, CT > 0,

sup
n≥1

E [|Xn(t)−Xn(s)|α] ≤ CT |t− s|1+β, ∀ T > 0, s, t ∈ [0, T ].

y² (C(R+),B) þ�VÇÿÝ� (µn := P(Xn)−1; n ≥ 1) �(��)�;�"

6. � ξi; i = 1, . . . , � i.i.d. �ÅCþ� E[ξ1] = 0 Ú E[ξ21 ] = σ2 > 0. �ÅiÄ Sk =∑k
i=1 ξi, k ≥ 1 ±9 S0 := 0. ½Â�5��L§µ

Yt = S[t] + (t− [t])ξ[t]+1, t ≥ 0.

ùp [t] L«Ø�u t �����ê"2½Â Xn(t) := 1
σ
√
n
Ynt, t ≥ 0. y²µé?

¿ 0 < t1 < t2 < · · · < tk < +∞, k ∈ N, k� n→∞,

πt1,...,tk ◦Xn
d→ πt1,...,tk ◦B,

Ù¥ B = (Bt; t ≥ 0) ´�IOÙK$Ä"
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