
σ-�ê

1. ©O�Ñ: �;V., n  Bernoulli V.ÚAÛV.�VÇ�m.

2. b����m Ω ´���ê8, Áïá���A�VÇ�m. XJ���
m Ω ´Ø�ê8, Áïá���A�VÇ�m.

3. �y Lebesgue ÿÝ´Ä�VÇÿÝ? Á^ Lebesgue ÿÝïá��VÇ�
m.

4. � An, n = 1, 2 . . . ´��¯�, �y lim An Ú lim An �´¯�.

5. y²é¡�÷vXe5�:

(i) (A∆B)∆(B∆C) = A∆C

(ii) (A∆B)∆(C∆D) = (A∆C)∆(B∆D)

(iii) A∆B = C ⇐=⇒ A = B∆C

(iv) A∆B = C∆D ⇐=⇒ A∆C = B∆D

(v) 1A∆B = (1A + 1B) (mod 2)

(vi) A∆B = Ac∆Bc

(vii) (A1 ◦ A2)∆(B1 ◦ B2) ⊂ (A1∆B1) ∪ (A2∆B2). ùp ◦ L«8Ü$� ∪,
∩ ½ \ ¥�?Û��.

6. � Aα, α ∈ I, ��x σ-�ê, y² F := ∩α∈IAα �´�σ-�ê. ùp I �
U���ê�.

7. (1). � H ⊂ G þ� σ-�ê (�ê). é?¿ H ∈ H, ½Â8a:

HH := {A ∈ G; A ∩H ∈ H}

@o HH ´�σ-�ê (�ê).

(2). y² H → HH ´~� (HΩ = H Ú HΩ = G). ?�Ú, ∀ H,H ′ ∈ H,

HH∪H
′

= HH ∩HH
′
.
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8. y² Borel σ-�ê BR ÷v:

BR = σ({(a, b); a < b ∈ R}) = σ({[a, b]; a < b ∈ R}) = σ({(−∞, b]; b ∈ R})
= σ({(−∞, b]; b ∈ Q}).

9. � (Ω,F ,P) ´�VÇ�m. ¡¯� F ∈ F � "¯� (null event) X
J P(F ) = 0. � N �¤k"¯���N, ½Â8a:

G := {E∆N ; E ∈ F , N ⊂ A, A ∈ N} .

y²: G ´�¹ F ��� σ-�ê.
(Hints: 5¿�Xeúª:

E ∪N = (E \A)∆ [A ∩ (E ∪N)] ,

E∆N = (E \A) ∪ [A ∩ (E∆N)] ).

10. y² λ-a�½´üNa.

11. �8a Λ ÷v:

(i) ∅ ∈ Λ;

(ii) ∀ A ∈ Λ =⇒ Ac ∈ Λ;

(iii) ∀ Aj ∈ Λ, j = 1, 2, . . ., � Ai ∩Aj = ∅ (i 6= j) =⇒ ∪∞j=1Aj ∈ Λ.

y²þ¡�^��du λ-a�½Â.

12. y² Halmos üNa½n.

13. y² Dykin π-λ a½n.

14. � A ´d���m Ω �,
f8/¤���ê. ykü�VÇ�
m (Ω, σ(A),P1) Ú (Ω, σ(A),P2). y²: XJ ∀ A ∈ A, P1(A) = P2(A), @
oþ¡ü�VÇ�m¯¢þ´Ó�VÇ�m.

15. � H ´¤k÷v±e^��¼ê f : Ω→ [−∞,+∞] ��N:

(i) 1Ω ∈ H;

(ii) Hb := {f ∈ H; f is bounded} ´��þ�m;

(iii) H+ := {f ∈ H; f > 0} (resp. H− := {f ∈ H; f < 0}) 3�~4� (resp.
�O4�) ´”µ4”�.
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b� C ´d Ω �,
f8/¤� π-a�÷v ∀ C ∈ C, 1C ∈ H. y²: H �¹
¤k Ω þk. σ(C)-�ÿ¼ê.

16. � N ´"¯���N, ½Â8a:

N̄ := {F ⊂ Ω; ∃ G ∈ N , F ⊂ G}

Ú σ-�ê F̄ := σ(F ∨ N̄ ) ±9

H =
{
F ⊂ Ω; ∃ G ∈ F , F∆G ∈ N̄

}
.

y² F̄ = H.
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VÇÿÝ

1. � (S,G, µ)´�ÿÝ�m� µ(S) ∈ (0,∞),Á�E��VÇ�m. XJ S ´
�����ê8±9 g ´ S þ����K¼ê, y² µ(A) =

∑
x∈A g(x),

∀ A ∈ G ´ (S,G) þ���ÿÝ. XJ S ⊂ R ´Ø�ê8Ü, b� g �÷
v
∫
S
g(x)dx < +∞, y² µ(A) =

∫
A
g(x)dx, ∀ A ∈ G ´ (S,G) þ���k�

ÿÝ.

2. � n ∈ N, �ÄXe����m:

Ω =
{
ω = (ω1, . . . , ωn); ωi = ”a” or ”b”, ∀ i = 1, . . . , n

}
.

®�: XJ��: ω = (ω1, . . . , ωn)Tk m ≤ n� ”a”,K�AVÇ� P({ω}) =
pm(1− p)n−m. ?�Ú, é?¿ A = {w1, . . . , w|A|} ∈ 2Ω, ½Â

P(A) =

|A|∑
i=1

P({wi}).

y²þ¡½Â�8¼ê P : 2Ω → R ´��VÇÿÝ.

3. � Ai ∈ F , i = 1, 2 . . ., y²Xe�N½úª:

P

(
n⋃

i=1

Ai

)
=

n∑
i=1

(−1)i−1
∑

J⊂{1,2,...,n},|J|=i

P

⋂
j∈J

Aj

 ,

P

(
n⋂

i=1

Ai

)
=

n∑
i=1

(−1)i−1
∑

J⊂{1,2,...,n},|J|=i

P

⋃
j∈J

Aj

 .

4. y²Xe Bonferroni Ø�ª:

P

(
n⋃

i=1

Ai

)
≤

m∑
i=1

(−1)i−1
∑

J⊂{1,2,...,n},|J|=i

P

⋂
j∈J

Aj

 , if m �Ûê;

P

(
n⋃

i=1

Ai

)
≥

m∑
i=1

(−1)i−1
∑

J⊂{1,2,...,n},|J|=i

P

⋂
j∈J

Aj

 , if m �óê.
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AO/, XJ� m = 1, KkXeØ�ª:

P

(
n⋃

i=1

Ai

)
≤

n∑
j=1

P (Aj) .

ù¿�XXeØ�ª¤á:

P

(
n⋂

i=1

Ai

)
= 1− P

(
n⋃

i=1

Ac
i

)
≥ 1−

n∑
j=1

P
(
Ac

j

)
.

5. � Ai ∈ F , i = 1, 2 . . . � P(Ai) = 1, O� P(∩∞i=1Ai) =?

6. y²VÇÿÝ�þeëY5.

7. � A,B ∈ F , ¡¯� A � B ´�d�XJ P(A∆B) = 0. y²:

(i) XJ A � B ´�d�, K P(A) = P(B);

(ii) þ¡��d'X¯¢þ½Â
���da;

(iii) � P(A) = 0, K B � A �d��=� P(B) = 0;

(iv) � P(A) = 1, K B � A �d��=� P(B) = 1.

8. � An ∈ F , n = 1, . . .. y²Xe�ª:

1limAn
(ω) = lim1An(ω);

1limAn
(ω) = lim1An

(ω).

9∗. � ∀ (t, n) ∈ [0, T ] × {0, 1, . . .}, X(n)
t : Ω → R ´VÇ�m (Ω,F ,P)þ�

�ÅCþ (±�·��¡ {X(n)}n=0,1,... ´VÇ�m (Ω,F ,P) þ����ÅL
§), ®��3��~ê C > 0 ¦

P

({
ω ∈ Ω; sup

t∈[0,T ]

∣∣∣X(n+1)
t (ω)−X(n)

t (ω)
∣∣∣ > 2−(n+1)

})
<
Cn

n!
, n = 0, 1, . . . .

y²: �3�� Ω̄ ∈ F � P(Ω̄) = 1¦ ∀ ω ∈ Ω̄,�3��ê��ÅCþ N(ω)÷
v:

sup
t∈[0,T ]

∣∣∣X(n+m)
t (ω)−X(n)

t (ω)
∣∣∣ ≤ 2−n, ∀ m ≥ 1 9 n ≥ N(ω).

10. � An ∈ F , n = 1, 2, . . .. y²Xe Fatou aÚn:

P (limAn) ≤ limP (An) ≤ lim P (An) ≤ P
(
limAn

)
.

11. y²VÇ�m���z½n.
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�ÅCþ

1. y²: X = (X1, . . . , Xd) : Ω → Rd ´��Å�þ ��=� éz�
� i = 1, . . . , d, Xi : Ω→ R ´���ÅCþ.

2. � X : Ω→ S ���N� (Ø�½��ÅCþ), �yXe Ω þ�8a´Ä
� σ-�ê?

(i) G1 := {X−1(A); A ⊂ R}, ùp��m S = R;

(ii) G2 := {X−1(A); A ⊂ S}, ùp S � S þ�,
f8¤/¤� σ-�ê;

(iii) G3 := {A ∈ S; X−1(A) ∈ F}, ùp F �¯��;

(iv) G4 := {A ⊂ S; X−1(A) ∈ F}.

3. � X : Ω → R ´��ÅCþ. Á�E���ÅCþ (Xn; n = 1, 2, . . .) ÷
v: é?¿ ω ∈ Ω, Xn(ω) ' u n ´üNØ~�� |X(ω)−Xn(ω)| ≤ 2−n.

4. � X ´��¢�{ü�ÅCþ, =Ù��¤ X(ω) =
∑n

i=1 ai1Ai
(ω), ù

p ai ∈ R � Ai ∈ F , i = 1, . . . , n, � Ω ���y©. �Ñ σ(X). X
J X = 1A1 Ú Y = 1A2 ´«5�ÅCþ, �Ñ σ(X,Y ).

5. � (X,Y ) : Ω → R2 �����Å�þ. y²: �3� Borel-�ÿ¼
ê f : R→ R ¦ Y = f(X) ��=� σ(Y ) ⊂ σ(X).

6. � Ω = [0, 1], m � Lebesgue ÿÝ. ½Â

X(ω) =

 a1, ω ∈ [0, 14 ],
a2, ω ∈ ( 1

4 ,
1
2 ],

a3, ω ∈ ( 1
2 , 1],

Y (ω) =

{
0, ω ∈ [0, 12 ],
1, ω ∈ ( 1

2 , 1].

Ù¥ a1, a2, a3 ∈ R pØ��. y²�3� Borel-�ÿ¼ê f : R → R ¦ Y =
f(X).

7. � A � S þ,
f8¤/¤�8a. XJ X : (Ω,F) → (S, σ(A)) ´��
�ÅCþ, y²:

σ(X) = σ
(
{X−1(A); A ∈ A}

)
.

8. � (S, d) ´��Ýþ�m (~X: S = Rn). ¡��¼ê g : S → R �
e�ëY¼ê (l.s.c.) XJÙ÷v limd(y,x)↓0g(y) ≥ g(x), ∀ x ∈ S. ¡��¼

ê g : S → R �þ�ëY¼ê (u.s.c.) XJ −g ´ l.s.c.. y²:
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(i) XJ g ´ l.s.c., K ∀ b ∈ R, g−1((b,+∞)) 3 S ¥´m�.

(ii) ?¿e�ëY¼êÑ´ Borel (�ÿ) ¼ê.

(iii) ?¿ëY¼êÑ´ Borel (�ÿ) ¼ê.

9. � S ��ÿÀ�m, F � S þ�xëY¢�¼ê��N. ½Â¼ê

g(x) := sup
f∈F

f(x), x ∈ S.

y² g ´ Borel (�ÿ) ¼ê. XJ F � S þ�x l.s.c. ¢�¼ê��N, @o
¼ê g ´Ä�´ Borel (�ÿ) ¼ê ?

10. � X : (Ω,F) → (R,BR) ´��ÅCþ� g : R → R ´�üN¼ê, y
² g(X) �´��ÅCþ (Hints: y²?¿üN¼ê g : R→ R Borel (�ÿ) ¼
ê).

11. éu k = 1, . . . , n, Xk : (Ω,F)→ (R,BR) ´�ÅCþ. �yXe'X¤á:

(i) σ(Xk) = σ ({ω ∈ Ω; Xk(ω) ≤ a} , a ∈ R), k = 1, . . . , n;

(ii) σ(Xk; k ≤ n) = σ ({ω ∈ Ω; Xk(ω) ≤ ak, k = 1, . . . , n} , ak ∈ R, k = 1, . . . , n)
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©Ù¼ê

1. � X,Y ´½Â3Ó�VÇ�m (Ω,F ,P) ü�¢��ÅCþ, y²:

X = Y, a.s. ==⇒ X = Y, in law.

Þ�~`²þ¡�_·K¿Ø¤á.

2. � X,Y ´©O½ÂVÇ�m (Ω,F ,P) Ú (Ω,G,Q) þ�ü�¢��ÅC
þ, Ù©Ù½Â�

PX(B) := P (X ∈ B) , QY (B) := Q (Y ∈ B) , ∀ B ∈ BR.

y²: XJ X Ú Y �©Ù¼ê�ÓK PX = QY on (R,BR).

3. y²Xe(Ø:

(i) ?¿©Ù¼êØëY:��N´�ê�;

(ii) � F ��©Ù¼ê, K

lim
ε↓0

[F (x+ ε)− F (x− ε)] =

{
0, if x � F �ëY:;

∆F (x) if x � F �ØëY:.

(iii) � {aj ; j = 1, 2, ...} �©Ù¼ê F �a:, K ∀ x ∈ R,

lim
ε↓0

∑
{j; x−ε<aj<x}

[F (aj)− F (aj−)] = 0;

lim
ε↓0

∑
{j; x−ε<aj≤x}

[F (aj)− F (aj−)] =

∞∑
j=1

∆F (x)1x=aj .

4. � −∞ < c < d < ∞. yk�½Â3 I = [c, d] þ�üO¼ê f . é?
¿ ε > 0, ½Â

N = Card
{
f �ØëY: x; ∆f(x) ≥ ε

}
.

ùp CardA L«8Ü A ����ê. y²:

(i) N ≤ (f(d)− f(c))/ε.
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(ii) ^ (i) y²½Â3 R þ�?¿üO¼ê�ØëY:�N´�ê�.

5. y²lÑ.�ÅCþ�©Ù¼ê´ÛÉ (Singular) .©Ù¼ê.

6. b�n��ÅCþ (X1, X2, X3) Ñl (m; p1, p2, p3) �n�©Ù, =ÙéÜ
©ÙÆ�: ∀ i, j, k = 0, 1, . . . ,m ∈ N,

P(X1 = i,X2 = j,X3 = k) =


m!
i!j!k!p

i
1p
j
2p
k
3 , i+ j + k = m;

0, otherwise.

ùp pi ∈ (0,∞), i = 1, 2, 3 ±9 p1 + p2 + p3 = 1. O�:

(i) X1 �©Ù¼ê;

(ii) X1 +X2 �©Ù¼ê;

(iii) � n ∈ N � n < m. O�Xe^�©Ù¼ê:

P(X1 ≤ x|X1 +X2 = n), x ∈ R.

7. ��ÅCþ X Ñlëê� (N, p) ���©Ù, Ù¥ p ∈ (0, 1)  N Ñlë
ê� (m, q) ���©Ù. ùp m ∈ N Ú q ∈ (0, 1). O� X �©Ù¼ê.

8. ��K�ÅCþ Y �©Ù¼ê´ýéëY�, Ù�Ý¼ê� g(t), t > 0. 
é?¿k�� t > 0, �A�©Ù¼ê G(t) < 1. y²:

(i) éu t > 0, ½Â r(t) = g(t)
1−G(t) , K

lim
δ→0

1

δ
P(Y ∈ (t, t+ δ]|Y > t) = r(t).

(ii) éu t > 0, ©Ù¼ê

G(t) = 1− exp

(
−
∫ t

0

r(s)ds

)
.

(iii) XJ Y Ñlëê� λ > 0 �AÛ©Ù, K r(t) = λ.
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È©nØ (êÆÏ")

1. ��ÅCþ X �È� X ≥ 0, a.e. ±9 E[X] = 1, é?¿ A ∈ F , ½Â8¼
ê:

µ(A) := E[X1A].

y² µ ´ (Ω,F) þ���VÇÿÝ. AO/, XJ� X = 1, K µ = P.

2. ��ÅCþ X �È� A ∈ N (ùp N L«¤k"¯���N), y²:

E[X1A] = 0.

3. ��ÅCþ X �È� X > 0 a.e. on E ∈ F . y²: XJ E[X1E ] = 0,
K P(E) = 0.

4. ��ÅCþ X �È�é?¿ E ∈ F , Ñk E[X1E ] = 0, K X = 0, a.e..

5. � X �¢�{ü�ÅCþ±9 An ∈ F , n = 1, 2, . . . ÷v An ↑ Ω, y²:

lim
n→∞

E[X1An
] = E[X].

6. ��ÅCþ Xn, n = 1, 2 . . . , ÷v: limn→∞Xn = X, a.e. � |Xn| ≤ Y ,
∀ n = 1, 2, . . .. ùp Y ´��K�È�ÅCþ, y²:

E
[

lim
n→∞

Xn

]
= lim
n→∞

E [Xn] .

7. � Xn, n = 1, 2, . . . ����ÅCþ�÷v
∑∞
n=1 E[|Xn|] < +∞, y

²
∑∞
n=1 |Xn| < +∞, a.e..

8. � X �����ê���È�ÅCþ, y² E[X] =
∑∞
n=1 P(X ≥ n). X

J X ==´���K�È�ÅCþ, Kk

E[X] =

∫ ∞
0

[
1− F (t)

]
dt.

ùp F (t), t > 0, L« X �©Ù¼ê.

9. � X ���K�ÅCþ� c := E[X2] < +∞. y²:
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(i) é?¿~ê a ∈ [0,E[X]), ¤á

P(X > a) ≥ {E[X]− a}2

c
.

(ii) ¤áXeØ�ª: {
E
[∣∣X2 − c

∣∣]}2 ≤ 4c
{
c− |E[X]|2

}
.

(iii) � Ai ∈ F , i = 1, . . . , n. ¦y

P

(
n⋃
i=1

Ai

)
≥

(
∑n
i=1 P(Ai))

2∑n
i=1 P(Ai) + 2

∑
1≤i<j≤n P (Ai

⋂
Aj)

.

10. �é?¿ (α, β) ∈ J := J1 × J2, Hα,β ⊂ F �éz�� (α, β), Hα,β þ
� π-a, y²: e Hα,β , (α, β) ∈ J , ´�pÕá�, @o Gα := σ(∪β∈J2Hα,β),
α ∈ J1, �´�pÕá�.

11. � Fij i = 1, 2 . . ., 1 ≤ j ≤ m(i) (Ù¥ m(i) > 1) ´�pÕá� σ-�ê. ½
Â σ-�ê:

Gi = σ

m(i)⋃
j=1

Fij

 , i = 1, 2, . . . ,

K σ-�ê Gi, i = 1, 2, . . ., �´�pÕá�.

12. � Xn, n ∈ N ´���ÅCþ, ¦y:

(i) XJé?¿ n ≥ 1, σ-�ê FXn := σ(X1, . . . , Xn) � σ(Xn+1) ´Õá�,
K X1, X2, X3, . . . ´�pÕá�;

(ii) XJX1, X2, X3, . . .´�pÕá�,K σ-�ê FXn := σ(X1, . . . , Xn)� T Xn :=
σ(Xm; m > n) ´Õá�.

13. � Y �����ÅCþ� |Y |max{p,1} �È p > 0, ¦y:

(i) é?¿ q > p, k

E [Y p] =

∫ ∞
0

pyp−1P(Y > y)dy =

∫ ∞
0

pyp−1P(Y ≥ y)dy

=

(
1− p

q

)∫ ∞
0

pyp−1E
[
min

{
Y

y
, 1

}q]
dy.

(ii) yk�ÅCþ X ´�K��÷v P(Y ≥ y) ≤ y−1E[X1Y≥y], ∀ y > 0, K

E[Y ] ≤ 1 + E
[
X {log(Y )}+

]
.
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14. ��ÅCþ X1, . . . , Xn �pÕá� Xi �È (i = 1, . . . , n), K

E

[
n∏
k=1

Xk

]
=

n∏
k=1

E [Xk] .
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^�Ï"

1. y² Radon-Nikodym½n,=y²: � µ, ν ��ÿ�m (X,X )þ�ü� σ-
k�ÿÝ� ν << µ, K�3�� X -�ÿ�k��K¼ê f ¦ ν = fµ. ?�Ú
XJ�3,� X -�ÿ�k��K¼ê g ¦ ν = gµ,K µ({x ∈ X; f(x)−g(x) 6=
0}) = 0.

2. � (R,BR, µ) ´�VÇ�m±9 m � Lebesgue ÿÝ. ¦y: µ << m ��
=� ©Ù¼ê F (x) := µ((−∞, x]), x ∈ R, ´��ýéëY¼ê.

3. � (Ω,F ,P) ´�VÇ�m, �ÅCþ Z, Y : (Ω,F)→ (R,BR) �pÕá, K
é?¿ Borel ¼ê ϕ : (R2,BR2)→ (R,BR), k

E [ϕ(Z, Y )|σ(Y )] = g(Y ), g(y) = E [ϕ(Z, y)] , y ∈ R.

4. � X ∈ L2(Ω,F ,P). ½Â^��� Var(X|G) := E
[
(X − E[X|G])2|G

]
, Ù

¥ G ⊂ F ´?¿� σ-�ê. ¦y:

(a) Var(X) = E [Var(X|G)] + Var(E[X|G]);

(b) XJ σ-�ê G1 ⊂ G2 ⊂ F , K E [Var(X|G2)] ≤ E [Var(X|G1)].

5. � N(ω) ´����K�ê��ÅCþ,  ξ1(ω), ξ2(ω), . . . �½Â3
Ó�VÇ�mþ��ÅCþ. ®� N(ω) � ξ1(ω), ξ2(ω), . . . �pÕá. b
�
∑∞

i=1 P(N ≥ i)E[|ξi|] k�, ¦y:

(a) ½Â�ÅCþ X(ω) :=
∑N(ω)

i=1 ξi(ω), K X(ω) ´�È�, �

E [X] =

∞∑
i=1

P(N ≥ i)E[ξi].

(b) XJ ξ1(ω), ξ2(ω), . . . ´ÕáÓ©Ù�, Kk Wald �ª:

E[X] = E[N ] · E[ξ1].

?�Ú, XJ ξ1(ω) Ú N(ω) Ñ´²��È�, K X(ω) �´²��È�,
¿�

Var(X) = Var(ξ1)E[N ] + Var(N) (E[ξ1])
2
.
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6. � Xn(ω), n = 1, 2, . . ., ���½Â3Ó�VÇ�m (Ω,F ,P) þ��K�È
�ÅCþ, ¿� lim infn→∞Xn(ω) �´�È�, Ké?¿ σ-�ê G ⊂ F ,

E
[
lim inf
n→∞

Xn|G
]
≤ lim inf

n→∞
E [Xn|G] .

7. � Xi ∈ L1(Ω,F ,P), i = 1, 2. XJé?¿ A ∈ F , E[X11A] ≤ E[X21A],
K P(X1 ≤ X2) = 1, (i.e., X1 ≤ X2, a.e.).

8. � ξ1(ω), ξ2(ω), . . . �½Â3Ó�VÇ�m (Ω,F ,P) þÕáÓ©Ù��È
�ÅCþ � E[ξ1] = 0, ½Â�ÅiÄ Xn(ω) :=

∑n
k=1 ξk(ω), n = 1, 2, . . ..

� Fn = σ(ξ1, . . . , ξn), n = 1, 2, . . .. y²: é?¿ n,m = 1, 2, . . .,

E [Xn+m|Fn] = E [Xn+m|σ(ξ1, . . . , ξn)] = Xn.

9. � ξ1(ω), ξ2(ω), . . . �½Â3Ó�VÇ�m (Ω,F ,P) þÕáÓ©Ù��È
�ÅCþ � E[ξ1] = 1, ½Â Xn(ω) :=

∏n
k=1 ξk(ω), n = 1, 2, . . .. � Fn =

σ(ξ1, . . . , ξn), n = 1, 2, . . .. y²: é?¿ n,m = 1, 2, . . .,

E [Xn+m|Fn] = E [Xn+m|σ(ξ1, . . . , ξn)] = Xn.

10. � Y (ω) ´VÇ�m (Ω,F ,P) þ����È�ÅCþ. � F1 ⊂ F2 ⊂
· · · ⊂ F ���üO σ-�ê, é?¿ n = 1, 2, . . ., ½Â

Xn(ω) = E [Y |Fn] (ω).

y²: é?¿ n,m = 1, 2, . . .,

E [Xn+m|Fn] = Xn.

*Hints: 1 8-10 K¤�y²�'u X = {Xn; n = 1, 2, . . .} ��ª¢Sþ´
y² X ��lÑ�m {Fn; n = 1, 2 . . .}-� (martingale).
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�ÅCþ��Âñ

e¡� Xn(ω), X(ω) Yn(ω), Y (ω) L«Ó�VÇ�m (Ω,F ,P) e����
ÅCþ±9 ⇒ L«�©ÙÂñ.

1. y²Xe(Ø:

(i) é?¿� ε > 0, k
∑∞
n=1 P(|Xn −X| > ε) < +∞, K Xn

a.e.→ X.

(ii) Xn
P→ X ��=� é?¿ {Xn; n = 1, 2, . . .} �f�þ�¹��A�?

?Âñ� X �f�.

2. y²: A�??Âñ, �VÇÂñÚ Lp-Âñ�4�´A�??���.

3. y²XeÿÐ� Portmanteau ½n: � Xn, n = 1, 2, . . . 9 X �VÇ�
m (Ω,F ,P) e��ÅCþ, � Fn(x) Ú F (x) ©OL« Xn Ú X �©Ù¼ê.
?�Ú^ Cb,Lip(R) L« R þ¤kk.oÊF[ëY¼ê��N, KXe^�
�d:

(1) Fn
w⇒ F , n→∞;

(2) é?¿ f ∈ Cb(R), E[f(Xn)]
n→∞→ E[f(X)];

(3) é?¿ f ∈ Cb,Lip(R), E[f(Xn)]
n→∞→ E[f(X)];

(4) é?¿�K f ∈ C(R), lim infn→∞ E[f(Xn)] ≥ f(X);

(5) é?¿ C ∈ BR ��m8, lim infn→∞ P(Xn ∈ C) ≥ P(X ∈ C);

(6) é?¿ D ∈ BR ��48, lim supn→∞ P(Xn ∈ D) ≤ P(X ∈ D);

(7) é?¿ B ∈ BR � P(X ∈ ∂B) = 0, limn→∞ P(Xn ∈ B) = P(X ∈ B).

4. y²Xe�Âñ(J:

(i) Xn
P→ X 9 Yn

P→ Y , K Xn + Yn
P→ X + Y .

(ii) Xn
P→ X 9 Yn

P→ Y , K XnYn
P→ XY .

(ii) Xn
Lp

→ X 9 Yn
Lp

→ Y , K Xn + Yn
Lp

→ X + Y .
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(iv) Xn ⇒ X 9 Yn ⇒ Y , ¿�éz�� n ≥ 1, Xn � Yn �pÕá±
9 X � Y �pÕá, K Xn + Yn ⇒ X + Y .

5. y²: XJ Xn
P→ X 9 Yn

P→ Y , K (Xn, Yn)
P→ (X,Y ).

6. y²: XJ Xn ⇒ X 9 Yn ⇒ c, ùp c ´��¢ê, K (Xn, Yn)⇒ (X, c).

7. y²: XJ |Xn − Yn|
P→ 0 � Xn ⇒ X, K Yn ⇒ X.

8. y² Slutzky ½n, = XJ Xn ⇒ X 9 Yn ⇒ c, K

Xn + Yn ⇒ X + c, XnYn ⇒ cX, Xn/Yn ⇒ X/c, if c 6= 0.

9. � Xn
Lp

→ X, y²: é?¿oÊF[¼ê g : R → R, k g(Xn)
Lp

→ g(X). ù
`²ëYN�½né Lp Âñ¿Ø¤á, �XJrëYN�½n¥�¼ê^��
¤: ¼ê g ´oÊF[�, KëYN�½n¥�(ØéA�??Âñ, �VÇÂ
ñ, Lp-Âñ, Ú�©ÙÂñÑ¤á, Ï�oÊF[¼ê�½´ëY¼ê.

10. � (R,BR, ν) ��VÇ�m� Φν(θ) = ν(eiθx) �A�¼ê, θ ∈ R. y²X
eØ�ª: é?¿ r > 0,

1

r

∫ r

−r
(1− Φν(θ)) dθ ≥ µ

([
−2

r
,

2

r

]c)
.

11. � C0,α([0, T ]) L«½Â3 [0, T ] þ¤k α-Hölder-ëY¼ê��N, Ù
¥ α ∈ (0, 1]. ½Â:

Bλ = {g ∈ C([0, T ]); |g|0,α ≤ λ} , λ > 0.

ùp

|g|0,α = sup
t∈[0,T ]

|g(t)|+ sup
s,t,∈[0,T ], t 6=s

|g(t)− g(s)|
|t− s|α

.

¦y Bλ ´ C0,α([0, T ]) ¥���;8.

12. � {In(t, ω)}n≥1, t ∈ [0, T ], ��x�ÅCþ�é?¿ n ≥ 1Ú ω ∈ Ω, t→
In(t, ω) ´ëY�. b�Xe^�¤á

sup
n≥1

∫
Ω

|In(·, ω)|0,α dP(ω) = MT <∞.

ùp MT > 0 ´��6u T ��~ê. ¦y {In(·, ω)}n≥1 3 C([0, T ]) þ´�
��;�.
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